We report a compact and simultaneous polarimeter for complete Stokes polarization imaging by using an encoded birefringent crystal (EBC), a micropolarizer array, and a camera, without any mechanical movements, electrical signal modulation, and complex configuration. The EBC is made of a thin piece of birefringent crystal, and is composed of identical units that have been encoded by different thickness at four neighboring pixels. Different with previous methods, this new design takes advantage of different retardances with different thickness and derives the state of polarization of the incident beam from the camera image. We have optimized the proposed configurations for minimizing the error propagation, and the numerical analysis results show that the proposed method has a good performance for complete Stokes polarization imaging. From the analysis results, a relax tolerance for systematic errors including fabrication and integration of EBC and MPA, and the incident wavelength greatly reduce the machining and integration difficulty, and the cost. The presented polarimeter for polarization imaging with complete Stokes components has several advantages including compactness, environment stability, accuracy, instantaneity, not complicated configuration, user-friendly and low cost, and it is expected to be of potential use in a variety of applications.
Introduction
Polarimeters are used to characterize the state of polarization (SOP) of light, and they are widely applied in many domains including target detection [1] , optical biopsy [2] , solar spectropolarimetry [3] , material characterization [4] , remote sensing [5] and so on. The SOP of light can be described by the complete Stokes vector S, which consists of four components (S 0 , S 1 , S 2 , S 3 ). The Stokes vector provides valuable information about reflecting objects that traditional intensity-based cameras ignore. Traditional polarimeters adopt temporal polarization modulation and time sequential data acquisition using rotating elements [6] , photoelastic modulators [7] , Coupled Phase Modulator (CPM) [8] ,or liquid crystal retarders [9] . These designs have been extensively studied, but such time sequential techniques need at least four images and each measurement is captured at different time frame. Thus, the scene must be stationary in order to avoid temporal blur. Moreover, the stability is also affected due to the complex configuration. To eliminate these errors, some authors have proposed several techniques for simultaneous polarization imaging that divide the beam under test into several sub-beams and adopt multiple focal plane arrays to capture measurements simultaneously [10] , [11] . However, the problem converts into spatial registration of multiples images, and it is complicated by the need to compensate for both mechanical misalignment and aberrations due to separate optical paths. Moreover, large and complex configuration also limits the applications of this kind of design.
To alleviate these obstacles, a promising avenue is focal-plane polarimeter, which utilizes micropolarizer array (MPA) on the top of each pixel of the image sensor to form a micro-polarimeter array [5] , [12] . The SOP of light can be resolved by examining the intensity values of four neighboring pixels of camera. Some authors have reported a number of micro-polarimeter array implementations in reference [13] - [16] . V. Gruev [13] and M. Kulkami [14] demonstrated a micro-polarimeter array achieved by the first depositing a 70 nm thin film of aluminum followed by 30 nm thin film deposition of SiO 2 using e-beam evaporation. C. K. Harnett et al. [15] have presented a new kind of micro-polarizer array based on liquid-crystal film with evaporated gold films used as orientation layers. X. Zhao et al. [16] have also proposed independently a superior fabrication technology of micro-polarizer array based on liquid-crystal film, removing the need for complex selective etching. These works have improved the development of polarization imaging, but such designs are only capable of linear components of Stokes vector, without measurement of circular Stokes component. Considering the importance of circularly polarized components, several authors have proposed some methods to capture the complete Stokes components by using micro-retarder-array [17] , [18] . H. Kikuta et al. [17] developed a 92 × 70 micro-retarder array, which consists of polyimide subwavelength-period grating of 300 nm period with four different orientations. X. Zhao et al. [18] also provided another way to achieve polarization imaging with complete Stokes components by using micro-liquid crystal film on the top of a visible regime metal-wire-grid polarizer, which use ultraviolet sensitive sulfonicdye-1 as the liquid crystal photo alignment material. These designs can measure the complete Stokes components but demands different direction of fast axes for four neighboring pixels of micro-retarder-array, which requires special and sophisticated fabrication techniques and process. Besides that, thermal sensitivity of liquid crystal also limits the applications of polarization imaging.
In this paper, a polarimeter is presented for polarization imaging with complete Stokes components. The proposed polarimeter is composed of a piece of Encoded Birefringent Crystal (EBC), a MPA and a camera. Different with previous, this new design takes advantages of different retardances with different thickness of the birefringent crystal and derives the state of polarization of the incident beam from the camera image. The structure of EBC is a step shape based on a piece of thin birefringent crystal (same fast axis), and a regular MPA can be selected from some commercial products, such as from motek corporation [21] . The selection and fabrication of the pixel size and resolution of MPA and EBC should keep accordance with the corresponding parameters of the employed camera sensor, which will be decided by the practical imaging scene and spectral selection. The pixel size of MPA and EBC is ranging from 5 μm × 5 μm to 30 μm ×30 μm. The number of pixels of a commercial MPA is ranging from 640 × 640 to 1950 × 1950, and the EBC can be customized according to the resolution of camera sensor. Similar with the other kinds of focal-plane polarimeter, the integrating and matching of the MPA, the EBC and the Camera can be achieved by a regular process [24] . The environment stability will be better with benefits of lower thermal sensitivity of birefringent crystal material. The proposed polarimeter has several advantages including compactness, environment stability, accuracy, instantaneity, not complicated configuration, user-friendly and low cost, and it is expected to be of potential use in a variety of applications. This paper is organized as follows. In Section 2, we will introduce the basic concept and theory of the proposed method. In Section 3, both optimization and simplification process of the configuration generated from the proposed method will be investigated. Section 4 presents the numeric simulation about noise response performance for different incident polarized light and different configuration, and the corresponding tolerance analysis for fabrication and integration of EBC is also made. Finally, a conclusion and discussion are drawn in Section 5.
Concept and Theory
A basic polarization imaging system is composed of three fundamental parts, i.e., imaging lens, polarization modulation optics, and photo detectors. The light reflected from an illuminated target can be focused on the focal plane of the imaging lens, and the different polarized components will be modulated by polarization modulation optics and derived from the intensity values of photo detectors. Linear components can be measured by a linear polarizer with different filtering directions, and circular component can be measured by a combination of a polarization retarder and a linear polarizer. In this paper, we propose a new polarimeter to measure both linear and circular polarization components simultaneously. Fig. 1 shows the basic configuration of the proposed method and illustrates how it can be integrated on camera to extract the complete Stokes components from the pixels of captured intensity values. In Fig. 1 , the tank is just one of possible targets, which can also be a car, building, aircraft, satellite, biological tissue sample, or some nature stars such as Sun, Mars or the other stars. There is no special requirement for the shape and size of the candidate targets, and it is depended on what the application scenario is. The reflected light or radiated light from the candidate target will be collected and focused by the Imaging Lens into the proposed polarimeter, and then the complete Stokes components of the incident light will be extracted according to the recorded intensity values. The proposed polarimeter is composed of an EBC, a MPA and a camera, and it is very compact and efficient. Certainly, same as the other focal-plane polarimeters, the proposed configuration also limits the spatial resolution comparing with the time-sequential polarimeters, and you can acquire the same spatial resolution when a larger camera sensor is employed with 2 times resolution. Besides that, the proposed polarimeter must be placed at the focal plane of the Imaging Lens, and the lateral and longitudinal misalignment errors will influence the imaging zone and imaging quality respective of the candidate target. The EBC is made of a thin piece of birefringent crystal and is composed of identical units which have been encoded by different-thickness at four neighboring pixels. The retardances for four neighboring pixels can be presented as
where mod(·) is remainder operator, which will take 2π from the calculation result of the first part, λ is the wavelength of incident beam, and i is the sequence number of four neighboring pixels for each unit (hereafter), d i presents the thickness of EBC at the i th pixel, and n o and n e present the refractive index of o light and e light respectively, which present the ratio of speed of light when the light pass through vacuo and EBC. For each unit, the four neighboring pixels of EBC can be treated as four independent retarders with same fast axis orientation but different retardances, and the Mueller matrix of them can be expressed as [19] 
where the angle α presents the angle distance from the fast axis of EBC to the x axis (horizontal direction, hereafter). Similarly, the four neighboring pixels per unit of MPA can be treated as four independent polarizers with different polarization filtering orientation, and the corresponding Mueller matrix can be expressed as [19] 
where θ i presents the angle distance from the transmission axis of the i th pixel for each unit of MPA to the x axis.
Suppose the Stokes vector of incident light is
T after passing through the EBC and S = (S 0 , S 1 , S 2 , S 3 ) T after passing through the MPA, respectively. Then we can derive the expression of intensity pattern for different incident SOP, and the output Stokes vector S can be presented as
In practical calculations, only the first row of the Mueller matrix elements will be used because the camera measures only the light intensity (i.e., S 0 ). To determine all four Stokes parameters simultaneously, an approach similar to that used in a color filter array is adopted, with each pixel making only one of the four necessary intensity measurements. The other three intensities are recovered by examining the intensity values of neighboring pixels. Finally, the intensity values on the four neighboring pixels of camera can be written by ⎡
with
The (6) can be also simplified as
The Stokes vector of the incident light are determined by multiplying the intensity vector I by the inverse of A, and it is,
One can calculate the complete Stokes components from the (9), and only one image is needed to capture from the proposed polarization imaging camera.
Optimization and Simplification
Equation (5) suggests that one can choose from a number of different possible combinations of four micro-polarimeters, with parameters (B i , C i , D i ) for i = 1, 2, 3, 4, respectively. However, selection of parameters must satisfy a basic requirement, which is that the modulation matrix A must be a full rank matrix, i.e., invertible matrix. Meanwhile, a judicious selection of these parameters can significantly minimize the influence of the noise perturbation and systematic error and reduce the complexity of the proposed polarimeter. For a general purpose polarimeter, one intended to measure a wide variety of arbitrary Mueller matrix, the polarimetric measurement matrix should be as far from singular as possible, i.e., it should be well-conditioned. Several indicators, such as the Condition Number (CN ) [25] , the Equally Weighted Variance (E WV ) [22] and the Enclosed Volume of Poincaré sphere [20] , are used to evaluate the performance of error propagation, and they will guide us to find one of the best optimized configurations based on the proposed concept. Comparatively, the CN can be used to minimize the magnification of error propagation for a fixed number of polarization analyzers, and the E WV is suitable to optimize the configuration when considering the benefit of data redundancy. The optimized configuration can be drawn upon a Poincaré sphere, and the total Enclosed Volume of polyhedron reflects the comprehensive performance of a polarimeter [20] .
In this paper, we use the CN based on 2-norm (i.e., L 2 norm) of the matrix A as the optimizing indicator, and smaller CN represents smaller magnification of error propagation (i.e., higher accuracy will be acquired when a better optimized polarimeter is employed for the same detection or systematic error [25] ). The expression of CN can be written by
where · 2 signify the 2-norm of a matrix. The theoretical minimum value of CN is low to 1, which is obtained for unitary matrices as they do not amplify the error, but they will never be obtained because A is never a unitary matrix. For a polarimeter, √ 3 is a minimum and certainly, the best value of CN [20] . In order to obtaining the best optimized configuration, an optimization process is accomplished based on the quasi-Newton method by minimizing the CN of the matrix A. For the initial configuration, there are 9 variables, which are (α, δ 1 , δ 2 , δ 3 , δ 4 ) from EBC and (θ 1 , θ 2 , θ 3 , θ 4 ) from MPA respectively, can be used to combine different micro-polarimeters. An existing optimization function or process can be found from the optimization tool-box in MATLAB environment, and an object function should be defined to calculate the CN of matrix A. A guess configuration with 9 random parameters is used as start point, and after tens operations of optimization process a relative good configuration with minimized CN can be found. Sometimes, the optimized configuration may be not the best result because a local minimum value may be found. Thus one must repeat the optimization process from different start points for several times to find out the global minimum CN . Generally, there are infinite resolves to achieve the same best optimized CN , and they should have equivalent performance when it is used in polarization imaging. Here we give one of the well-conditioned configurations based on the proposed method without any constraints, and they are listed in the second column from left side of Table 1 . The globe best optimized CN is about 1.73205, and it is equal to the ideal value. Certainly, the selection of parameters in the proposed configuration should be a balanced result between performance and complexity. The structure of EBC and MPA should be simpler while keeping the performance of polarization imaging. In this letter, we will simplify the EBC and MPA as a binary EBC and commercial MPA respectively.
At the first step, the EBC, which composed of four different thicknesses for each unit, is simplified as a step shape, i.e., two different thicknesses (called as binary EBC). This will reduce the machining difficulty and improve the quality of EBC, especially in corner zone of each pixel. The simplified constraints can be presented as
Combining the (11) and (6), the matrix A has 7 freedoms. By applying analogous optimization process, the best optimized configuration under left constraints in (11) is found, and the 7 parameters are listed in the third column of Table 1 . As shown in Table 1 , the CN (= 1.73206) is also very close to the ideal minimum value while reducing the complexity of the EBC. An agreement optimization result can also be achieved under right constraints of (11) with the previous one, but it is simpler than before. So the second configuration is better than the first configuration.
In further step, as shown in Table 1 , the four polarization angles MPA of the first two configurations are both irregular values. The irregular MPA have almost same machining process and difficulty with a regular MPA, and it is worth to customize for the best performance when the proposed configuration is applied in standard product. However, most of researchers and engineers are incapable of fabrication of this irregular MPA, and a commercial MPA, such as regular MPA from motek corporation [21] , should be a good choice for researching experiments or instrument development. In this paper, we discuss the performance of the configuration with the constraints of both binary EBC and regular MPA. The constraints of the regular MPA can be expressed by
We repeat the optimization process again, and the corresponding one of the best optimized configuration is found and listed in the last column of Table 1 . The globe minimum CN is about 2.00011, which has a slight increase relative to previous, and it is also not very bad comparing with the other kinds of polarimeters. Fig. 2 shows one of the best optimized configurations under the constraints presented both (11) and (12) . As shown in Fig. 2 , the angle distance from the fast axis of the binary EBC to x axis is about 22.21 deg, and the corresponding the binary retardances are 46.67 deg and 136.68 deg, respectively.
Comparing with the initial configuration based on the proposed concept, the last two configurations have the most minimum CN and the simplest structure respectively. They should be both the candidate selections, and the decisions should be made according to the practical condition. We will also analysis and compare the performance between these two different configurations in Section 4.
Numerical Analysis
For comparing these three different configurations, we also draw them upon the Poincaré sphere and calculate the side length of the tetrahedron. The values of the last three column of modulation matrix A under three different constraints can be treated as four vertexes of a tetrahedron upon the Poincaré sphere, and they are drawn in Fig. 3 . Fig. 3(a) shows two tetrahedrons, which present the first two configurations shown in the first two columns of Table 1 , and Fig. 3(b) shows a tetrahedron, which presents the last configuration under both constraints of (11) and (12) . The six side lengths of these three tetrahedrons can be calculated according to their vertexes coordinate upon Poincaré sphere, and they are (2.668, 2.669, 2.669, 2.667, 2.667, 2.667), (2.667, 2.667, 2.665, 2.667, 2.665, 2.666) and (2.000, 3.021, 3.000, 3.000, 2.980, 2.000) respectively. Obviously the first two tetrahedrons are regular, and the last one slightly deviate from a regular tetrahedron. It is in agreement with previous studies and analysis results of CN [22] .
For evaluating the performance of the proposed method, we have analysis the measurement accuracy for different polarization component of 1000 different incident SOPs under a certain intensity noise. As shown in Fig. 4(a) and (b) , 1000 uniform sampling points upon Poincaré sphere, where 20 circles with different ellipticity go from the south pole to the north pole and 50 az- Table 1 , and (b) the tetrahedron with slight deviation with regular presented by the last column of Table 1 . imuth angles in each circle goes clockwise, are selected as incident SOP. In our analysis, 100 groups intensity value are generated for each incident SOP by adding a signal independent additive Gaussian noise, and the standard variance of each incident Stokes vector presents an oscillation due to noise perturbation. We assume that there are no retardance and alignment error and the standard variance of the Gaussian noise only accounts for 1% of mean photo signal. By combining (9) with (5)- (8), the propagations of the noise perturbation in the measured intensities into the reconstructed Stokes vector can be calculated, and the standard deviation of the reconstructed Stokes vector for these configurations is depicted in Fig. 4(c) and (d) . As shown in Fig. 4 , the general standard deviation of S 0 is about 5 × 10 −3 for the last two simplified configurations. For the second configuration, the standard deviations of the rest of all Stokes components, which include two linear components and one circular component, are all about 8.5 × 10 −3 (as shown in Table 1 ) for different incident SOPs. For the third configuration, the standard deviation of circular component is about 10 × 10 −3 for all incident SOPs, which is slight larger than before, but two linear Stokes components keep comparative results with the second configuration. Besides that, the fluctuation of standard deviation of circular Stokes component for the third configuration is also larger than the second configuration. That because the third configuration deviate slightly the regular tetrahedron and the only performance of circular polarization component has been reduced. Certainly, the CN reflects the comprehensive performance of a polarimeter with complete Stokes components, and its influence for Stokes parameters also relate to the shape and position of a tetrahedron upon a Poincaré sphere for the same CN (as shown in Fig. 3 ). In fact, the level 10 −2 of noise response is still a good performance according to previous study results [23] . So the third configuration is more attractive because of its low complexity and cost while keeping a good noise response performance.
In this paper, we also make a tolerance analysis for the simplest configuration (as shown in Fig. 2 ) to evaluate machining requirement. Assuming that quartz material is used to manufacture the binary EBC and the wavelength of incident light is 632.8 nm, the n o and n e are 1.54264324 and 1.5517112 respectively. The thicknesses of binary EBC can be calculated from the (1) as 9.0 μm and 26.5 μm respectively. In practical system, the systematic errors including the thickness error of binary EBC and alignment error of the fast axis of EBC cannot be avoided and will change the best optimized status. Fig. 5 illustrates the deviation from the best optimized CN when the binary EBC have thickness error ranging from −3 μm to +3 μm and alignment error of fast axis ranging from −5 deg to +5 deg. As seen from Fig. 5(a) , the CN increase by a quasi-linear tendency with increasing of two retardances errors. In fact, the overall tendency for a larger error like to an exponential distribution, and the CN will increase quickly for larger thickness error. However, it is also insensitive to small thickness error, and the difference between these two curves is also small when the thickness error is ranging from −3 μm to 3 μm. The maximum CN is about 2.34 when the thickness error is up to 3 μm. In practical application, the thickness error can be controlled easily under 1 μm, and the maximum CN will not be over 2.1. As shown in Fig. 5(b) , the CN is also insensitive to alignment error of fast axis of the binary EBC, and the maximum deviation is not over 0.5% when the alignment error is within −2.0 deg − +2.5 deg. From the Fig. 5 , the CN has a relative relax tolerance for systematic errors and the practical systematic errors can be calibrated by accurate test or calibration process. Besides the fabrication error, the phase retardances will also influenced by the changing of environment temperature. According to previous researching results [26] , the changing speed of refractive index difference between o-light and e-light with temperature is about 1 × 10 −6 / • C at 632.8 nm wavelength. Supposing the nominal refractive index difference is acquired at 20
• C, the changing of phase retardances of the binary EBC with environment temperature can be calculated by (1), and they are drawn in Fig. 6 . As shown in Fig. 6 , the maximum deviations of two binary EBC are 0.05
• (i.e., δ A ) and 0.15 • (i.e., δ B ) respectively when the environment temperature is changing from 10
• C to 30
• C. It is really a small deviations relative to the nominal phase retardances 46.67
• and 136.68
• respectively. The small deviations prove that the proposed configuration based on the binary EBC has a good performance of thermal stability.
For a certain thickness binary EBC, the retardances is also modulated by incident wavelength, and consequently the modulation matrix A will be changed from the well-condition status. Fig. 7 shows the changing tendency of refractive index of the selected quartz material and the corresponding CN for different incident wavelength. As shown in Fig. 7(b) , the minimum CN (= 2.0) locates the 632.8 nm because it is the well-conditioned, and the CN deviate from the minimum value when wavelength of incident light leave from the best-optimized wavelength. Moreover, the deviation of CN is larger and changing faster for shorter wavelength with same wavelength difference. One reason is the faster changing of refractive index difference between o-light and e-light for shorter wavelength, and the inversely proportional relationship between the retardances of binary EBC and wavelength of incident light (as expression of (1)) is another reason, i.e., the differential coefficient is smaller for longer wavelength. Assuming that the allowed deviation of CN is not over 10% (i.e., less than 2.2), the wavelength range will be limited from 574.2 nm to 705.6 nm, and the bandwidth is about 131.4 nm. It is considerable wavelength range for several applications. Certainly, the bestoptimized wavelength and the bandwidth of free range can be changed by using different material and configuration parameters.
In the third configuration, a commercial regular MPA is suggested to simplify the configuration and reduce the cost. The filtering angle error of each pixel of MPA and the alignment angle error between binary EBC and commercial regular MPA will change the modulation matrix A, and the CN will also be changed. Fig. 8 shows the error analysis results, and relax tolerance for angle error of each pixel and alignment error of MPA can be seen from the Fig. 8(a) and (b) . It is proved that the fabrication and integration error will not change obviously a well-conditioned modulation matrix for a polarimeter. Certainly, one should consider that a large integration error may change the position relationship between pixels of MPA and camera.
Sensitivity analysis results illustrates that small deviations of systematic parameter will not change significantly the CN of the proposed polarimeter, and a relative relax tolerance for fabrication and integration of the proposed configuration is required. That will reduce the cost and complexity of fabrication and integration.
Conclusion
We have demonstrated a novel compact and simultaneous polarimeter for polarization imaging with complete Stokes components. Different with previous, the proposed configuration consists of a piece of EBC and a MPA without any mechanical movements, electrical signal modulation and complex structure. Three possible configurations have been designed and optimized based on the proposed concept, and the performance has also been validated by 1000 different incident SOPs. Numerical analysis results show that noise response is about 8.5 × 10 −3 for all three polarization components for the well-conditioned configuration, and for the simplest configuration, only circular polarization components (about 10 × 10 −3 ) is slight larger than before. The level 10 −2 of noise response is still a good performance according to previous study results, so the third configuration is more attractive because of the simplicity of EBC and commercial products of MPA while keeping low error propagation. Sensitivity analysis results show that the proposed method has a relative relax tolerance for system errors including fabrication error and integration error of EBC, and it also can be used for a broad-band spectral polarization imaging. With advantages of simple encoding method, stability of birefringent crystal, and simultaneous polarization imaging with complete Stokes components, the proposed design is expected to be of promising use in several different applications, especially for moving objects and dynamic process. However, in the present study, we mainly focus on the new concept, method and the corresponding validation in theory and numeric analysis. We will validate the proposed method by experimental study before developing standard product.
